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The finite element method is applied in the time domain to establish formulations for the integration of 
second-order and hyperbolic (dynamic) problems. Modal decomposition in the space domain is used to 
recover the well-established method for uncoupling the equations of motion, which is extended to include 
general time approximation bases. The limitations of this approach in the implementation of large-scale, 
non-linear problems while preserving the uncoupling of the equations of motion are overcome by using the 
alternative concept of modal decomposition in the time domain. Both single- and double-field formulations 
are presented and the associated Trefftz formulations are established. 
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1. INTRODUCTION 

The paper addresses the formulation of two basic time integration methods that preserve the hy­
perbolicity of structural dynamics problems [1]. The first is based on modal decomposition in the 
space domain and the second in modal decomposition in the time domain. 

The basis of the first method is well established. The first step consists in discretising in the space 
domain the local hyperbolic problem using the conventional formulation of the finite element method 
where the nodal displacement vector is assumed to be time dependent. The resulting second-order 
system of equations is subsequently uncoupled through modal decomposition in the space domain 
and solved using one of the available (implicit or explicit) time integration methods. 

This method of numerical integration is formulated here in a more general way, through the 
implementation in the time domain of two standard finite element formulations, namely a single­
field and a double-field (or mixed) formulation. In the first formulation the velocity vector field is 
taken as the derivative of the displacement approximation in time, while in the second the velocity 
field is approximated independently. The time approximation bases that can be used are general, 
in the sense that they are not constrained to solve the governing equations of motion. 

The single-field formulation is used to recall that the standard modal decomposition in the space 
domain corresponds to the application of the Trefftz concept in the time domain. It is used to 
show also that the generalised VIP method of Tamma et al. [2] is fundamentally a Trefftz method. 
The double-field approximation is used to show how to circumvent the numerical implementation 
difficulties inherent to the double-field formulation suggested by the same authors. It serves also the 
purpose of showing that the original version of the VIP method is an incomplete Trefftz approach. 

The main advantage offered by the method of modal decomposition in the space domain is the 
derivation of uncoupled equations of motion with known closed form solution. However, this formal 
simplicity is gained at the generally very high cost of solving a large-scale eigenvalue problem, as 
its dimension is dictated by the number of degrees-of-freedom of the finite element discretization in 
the space domain of a given application. 

























Time integration and the Trefftz Method 

Vn(O) = X~Mv(O), 

r1 ~ t 
= Jo TnXnF(t)dT. 

The terms present in the solving Eq. (28) for the double-field formulation are defined by: 

D.n = n:n + 2~.nwn.n.n + w;" 

A.n = n.n + 2~.nwn. 
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(B4) 

(B5) 

(B6) 

(B7) 

According to definitions (BI) and (B2), the terms present in the solving Eq. (20) for the single­
field formulation under the Trefftz constraint (30) are defined by: 

Dn = 2An exp(2~nwn), 

An = ~nwn + iWdn' 

(B8) 

(B9) 

The following identifications hold in the equivalent first-order Eq. (34) that supports the devel­
opment of the double-field VIP formulation 

A. = [ °1 M-K 

(BIO) 

(B11) 

(BI2) 

It is noted that it is not strictly necessary to call upon the explicit inversion of the mass matrix. 
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