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Generation of hybrid grids over plane domains
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The paper presents an algorithm of coverage 2-D multiconnected domain by trianlges and quadrilaterals.
The zone covered with quadrilaterals is structured, thus the zone covered with triangles is unstructured.
The density of the structured grid is controlled only on one of the surrounding loop, on which the points
are generated with mesh density function. Unstructured zone is triangulated by using Delaunay advancing
front technique triangulation of points previously generated.

1. INTRODUCTION

The main task of the paper is to work out an algorithm and appropriate computer code for generation
of quadrilateral and triangular meshes covering a plane domain. Additionally, it is assumed, that
quadrilateral meshes will be structured and triangular unstructured [1]. This assumption gives the
possibility to create so called hybrid [9, 11| mesh for which some parts of the domain are covered
with triangles and some parts of the domain with quadrilaterals. The both kinds of meshes should
have some common edges. It requires to prepare in some specific way appropriate data structure.

Hybrid grids have applications in variety of fields of boundary value problem [12], especially
in fluid mechanics where for some zones (boundary layers) surrounding airfoil profiles it is recom-
mended the generation of quadrilateral structured meshes, whereas triangular unstructured [7] mesh
fills the remaining part of the domain [4].

Structured mesh fills the part of the domain contained between two closed non-intersecting
and without multiples points curves. The size the of the mesh is controlled by a given mesh density
function defined in the closure of the domain, but in case of structured quadrilateral grid is restricted
only to one of the surrounding loops, it follows from the nature of structured mesh.

The implementation of hybrid is the subject of research of last years [11]. The solvers for finite
element method based upon structured grid are more effiecient than those on unstructured grid [10].
High aspect ratio cells necessary for the resolution of viscous boundary layers are necessary around
the profile. In [10] the structure around the profile and ustructured in the remainder of the domain is
preferred too, but points of the structured grid are generated over normals to the internal curve. For
hybrid generation the multi-block technique is used [11], in some blocks structured grid is generated
in some unstructured.

The proposed algorithm is connected with previously evaluated unstructured grid generator of tri-
angular meshes [6] where advancing front technique is combined with Delaunay triangulation [1, 7].

The whole algorithm can be divided into the following stages:

e points generation over curves with given density,

e algorithmic construction of the mapping from unit [0, 1] x [0, 1] square onto subdomain contained
between two non-intersecting, without multiple points curves,

e generation of unstructured grid in the unstructured part of the subdomain by advancing front
technique,
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e Delaunay triangulation of obtained unstructured grid,

e combining both structured and unstructured meshes by taking appropriate number of nodes for
common part of both grids.

2. REPRESENTATION OF THE 2-D DOMAIN

It is assumed, that domain, which is triangulated, can be multiconnected, with arbitrary, but fi-
nite number of internal holes. Every connected component of the boundary is called a loop. The
topoplogy of the domain and what follows, appropriate data will be connected with those loops.
There is exactly one external loop and all the others are internal loops creating holes (see Fig. 1).
Every loop consists of some primitive curves.
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Fig. 1. Boundary representation

All the loops of the boundary are represented by a collection of curves, every curve is topologically
equivalent to straight line segment and is defined by its ends and type.
The following types of curves can create the boundary of the domain:

e straight-line segment,
e arch of circle,

e B-spline curve.

Straight-line segment is represented by its ends only. Additionally arch of circle is represented by
its ends and coordinates of the centre, thus B-spline curve is represented as a sequence of coordinates
of vertices, which are leading points of the curve. Every loop consits of curves in the order that the
end of one is simultaneously the beginning of the next. The curves are ordered in counter-clock wise
fashion with respect to the domain.

The topology of the considered domain is represented in the hierarchical order with respect to
the size of 2-D sets. It means, that curves are defined by points (points are primitives), loops are
defined by curves, and domain is defined by loops. So the hierarchy is as follows:

point,
e curve,
e loop,

boundary and domain.
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3. THE OVERALL ALGORITHM OF HYBRID GRID GENERATION

Structured grids are performed by effective construction of mapping of a mesh spread over primitive
domain (usually square, triangle ) onto considered domain. This approach restricts the class of the
available domains, but gives meshes on which some operations like finding neighbors are simplified
and structured grids give possibility to make more effective solver.

For the extension the class of domains on which structured grids are generated, it is proposed to
fill with quadrilaterals domain contained between two loops i.e. the domain topologically equivalent
to the ring, additionally, every of these loops may contain B-spline curve in its description.

The presented algorithm of hybrid grid generation has the following stages:

e generation of points with the given mesh density function over all curves consisting the boudary,
e generation of structured grids for specified zones,

e internal points generation in all the unstructured zones by advancing front technique with the
given mesh density function, provided, that as the initial front boundary segments and segments
on the external loops of unstructured zones are taken,

e Delaunay advancing front triangulation of unstructured part of the domain,
e Laplacian smoothing of the unstructured mesh,

e preparing output data structure combining both kinds of the meshes.

3.1. The construction of the mapping from unit square [0,1] x [0,1] onto domain con-
tained between two loops

The main idea of the structured grid generation is based upon construction of the mapping from
unit square onto considered domain, and then by using this mapping, transfering the mesh from
the square onto the domain. The main points of structured grid generation are:

e points generation on all curves appearing in the description of structured part of the considered
domain,

e taking for the internal (or alternatively external) curve of the boundary of structured grid ob-
tained points as vertices of structured grid,

e the curve 7 (t) description as close broken line passing through successively previously generated
boundary points,

e the curve r9(t) description as B-spline curve defined by obtained boundary points,

e normalization of the parameters of curves () and ry(t) to the straight line segment [0, 1] as
reference domain,

e the construction of the mapping from [0,1] x [0,1] onto considered domain.

The curve r(t) is described as follows. Provided that set of points {Pi}lN:lO is the set of points
generated on the first curve, and defining

Ni—1

m= Y |PPil, (1)

§=0
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and
i—1
ti = Z | P Pjt1], (2)
=0
then
2y = 4 t—t;
= P y 2
r(t) gl gy L (3)

ift € [ti_1, t;], fori = 1,..., Ny — 1. Because of Egs. (1), all the intervals ¢ € [t;—1,?;] fill the whole
interval [0,m] so the parameter ¢ can vary in it.
Reparametrized curve r'(t) is then defined,

r'(t) = r'(tm), (4)
where 0 < ¢t < 1. Obviously
t.
r’(é) = (5)

fOI‘i=0,1,...,N1.

On the other hand, if Q; for i = 0,1,..., Ny, where Qo = Qn, , are the points generated over
the second curve then the B-spline curve is defined taking these points as the nodes, we define
appropriately curves s'(t) and s(t) by the following formula [2],

Ne
s(t) =Y QiBip(d), (6)
=1

with knot vector
V={7’0,...,’T(),Tl,...,Tm_l,Tm,...,Tm}, (7)

where 79 = 0, and
i—1

iy, S @t (8)
3=0

when 7= 1,2, No.
Thus, B-spline functions [2] B;, of order p are defined by the recursive formula as follows,

(t — 7)) Bip-1(t) | (Tizk — t)Bit1,p(t)

Bip(t) = Titp—1 — Ti o Titp — Ti+1 : (9)
for p > 0, and

Bio(t) = {é gtglerswfs: L
if p=0.

By analogy to r(t),

s'(t) = s(tM), (10)

where 0 < t < 1, thus

N2
M =>"Q;iQjnl (11)

§=0
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is a set of generated points on the internal loop, and we have

8 (%)= Qs (12)
Now a mapping can be defined from unit square into R?,

H: [0,1] x [0,1] = R?, (13)

H(u,v) =7r'(u)(1 —v) + s'(u)v. (14)
It is easy to check that

H(ua 0) = r,(u)a (15)
H(u,1) = s'(u). (16)

The vertices of the stuctured quadrilateral mesh are defined as follows,

o i
P,]_H<N1, k) (17)

fori =0,1,...,N; and j =0,1,...,k, with k£ equal to the number of layers of structured grid.

3.2. The algorithm of unstructured grid generation

The algorithms of unstructured grids generations were evaluated by the author of the paper for
the last years [4, 6]. The advancing front technique and Delaunay advancing front method [8] were
applied for points generation and triangulation.

After generation of points Delaunay advancing front technique is used to triangulate the do-
main [9]. In case of convex domains the Delaunay advancing front technique leads to Delaunay
triangulation [3, 6], but it can be proved, that this approach is a right generalisation of Delaunay
triangulation onto non-convex and multiconnected domains.

The algorithm of unstructured grid generation consists of the following steps:

taking obtained points on curves as nodes of unstructured grid and associated linear segments
as starting front combined together with previously generated points and appropriate linear
segments of curves being the boundary of unstructured part of the domain,

Generation of internal points with given density by advancing front technique,

Triangulation of the obtained set of points by Delaunay advancing front technique,

Laplacian smoothing of the mesh.

4. NUMERICAL RESULTS

The appropriate program was made, which realizes the algorithm proposed in the paper. The pro-
gram was combined with evaluated for last years program [4, 6] of unstructured grids generation. The
common nodes for structured and unstructured grid generation have that same numbers. Thanks
to that the whole mesh is connected, and can be directly used for finite element applications. Many
examples were performed to test the made code. It is especially important to grid domains having
B-spline curves in their boundary definition, so all the presented numerical examples satisfy the
conditions.
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In Fig. 2 pure structured grid is presented wrapped around airfoil NACA0012. In Fig. 3 airfoil
profile BINACAO0012 is covered by the hybrid grid, where both profiles have 2 layers of structured
grid, the mesh density function was taken as an affine function of distance from heads and tails of
the profiles when current point of the domains is close to them.

In Fig. 4 hybrid grid over NACA0012 with structured around profile is presented. Thus, Figs. 5, 6
present gridded BINACAO0012 profiles. In the first case we have two layers of quadrilateral mesh over

one profile and five over the other. In second case there are two layered structured grids surounding
both the profiles. 3

Fig. 2. Pure structure grid over airfoil profile Fig. 3. Hybrid mesh over BINACA0012 with two layers
NACA0012 of structured grid over both profiles

Fig. 4. Hybrid grid NACA0012 airfoil with 8 layers of quadrilateral structured grid over profiles
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Fig. 6. Hybrid grid over BINACA0012 airfoil with
2 layers of quadrilateral structured grid over both

Fig. 5. Hybrid grid over BINACA(0012 airfoil with
appropriately 5 and 2 layers of quadrilateral structured

profiles

grid over profiles

Fig. 8. Hybrid grid over NACA0012 airfoil with

Fig. 7. Hybrid grid over NACAQ012 airfoil with

another mesh density function

another external loop of structured zone
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In Figs. 7, 8 there are presented hybrid meshes with different structured zones than in previous
cases. Different mesh density functions were used.

5. FINAL REMARKS

The paper presents an algorithm of hybrid grid generation is proposed. The special feature of the
presented structure grid generation is taking into account mesh density function for generation of
nodes over curves consisting the boundary of the "structured" zone of the domain. It follows from
the presented examples, that the mesh is denser at some points of the profile around which the
structure quadrilateral mesh is overspread.

The appropriate computer code was done [5]. In special case the program may generate pure
structured quadrilateral grids or pure triangular unstructured grids. This kind of meshes have ap-
plication in variety problems of mechanics and it is an intensive subject of research for last years [11].

The presented algorithm could be generalized to 3-D case, provided that surface grid is given.
The points of structured grid may be generated over externals normals to the closed surface being
the component of the boundary. Unstructured grid may be used to fill more complicated geometries.

It seems, that parallel implementation is possible. It can be especially effective in case of ad-
vancing front technique applications, where some processors at that same time may operate with
different pieces of front.

ACKNOWLEDGEMENT

The support of this work is by Polish National Science Foundation (Komitet Badan Naukowych),
under Contract PB 308/T11/97/12.

REFERENCES

[1] P.L. Bachman, S.L. Wittchen, M.S. Shepard, K.R. Grice, M. A. Yerry. Robust, geometrically based, automatic
two-dimensional mesh generation. Inter. J. Numer. Meth. Engrg, 24: 161-180, 1988.

[2] R.M. Bartels, J.C. Beatty, B.A. Barsky. An Introduction to Splines and Their Use in Computer Graphics and
Geometric Modelling. Norman Kaufmann Publishers, Inc., Los Altos, 1987.

[3] B. Delaunay. Sur la Sphere Vide. Bulletin De L’Academie des Sciences de L’'URSS, Classe des Sciences Mathe-
matiques et Naturelles, 793-800, 1934.

[4] J. Kucwaj. Automatic grid generation over plain domains and surfaces. Zeszyty Naukowe P.K., 5: 61-82, 1995.

[5] J. Kucwaj. Unstructured Grid Generation Package. Cracow University of Technology, Applied Mathematics
Section, Report No 1/1997, September 1997.

[6] J. Kucwaj. The modelling and triangulation of geometrically complicated plane domains and some applications
to fluid mechanics. Journal of Theoretical and Applied Mechanics, 35(2): 369-392, 1997.

[7] S.H. Lo. A new mesh generation scheme for arbitrary planar domains. Int. J. Numer. Meth. Engrg., 21: 1403~
1426, 1985.

[8] S.H. Lo. Delaunay triangulation of non-convex planar domains. Int. J. Numer. Meth. in Engrg., 28: 2695-2707,
1989.

[9] S.H. Lo. Generation of high-quality gradation finite element mesh. Engineering Fracture Mechanics, 41(2):
2695-2707, 1992.

[10] R.P. Koomullil, B.K. Soni. Generalized grid techniques in computational field simulation. In: N.M. Weatherill,
P.R. Eisman, J. Hiuser. J.F. Thompson, eds., The VI-th Conference on Numerical Grid Generation in Compu-
tational Field Simulation, 521-531, Mississipi State University, 1998.

[11] J.F. Thompson, B.K. Soni, N.P. Weatherwill. Handbook of Grid Generation. CRC Press, Boca Raton, London—
New York-Washington D.C. 1999.

[12] K. Morgan, O. Hassan, E.J. Probert. Unstructured mesh generation for viscous high speed flows. In: Proceedings
of the IV-th Conference on Numerical Grid Generation in Computational Fluid Dynamics and Related Fields,
Swansea, Wales, April 1994, 779-793, 1994.



